Abstract-Sub-Nyquist cyclic nonuniform sampling (CNUS) of a sparse multi-band signal generates a nonuniformly sampled signal. Assuming that the corresponding uniformly sampled signal satisfies the Nyquist sampling criterion, the sequence obtained via CNUS can be passed through a reconstructor to recover the missing uniform-grid samples. At present, these reconstructors have very high design and implementation complexity that offsets the gains obtained due to sub-Nyquist sampling. In this paper, we propose a scheme that reduces the design and implementation complexity of the reconstructor. In contrast to the existing reconstructors which use only a multi-channel synthesis filter bank (FB), the proposed reconstructor utilizes both analysis and synthesis FBs which makes it feasitble to achieve an order-of-magnitude reduction of the complexity. The analysis filters are implemented using polyphase networks whose branches are allpass filters with distinct fractional delays and phase shifts. In order to reduce both the design and the implementation complexity of the synthesis FB, the synthesis filters are implemented using a cosine-modulated FB. In addition to the reduced complexity of the reconstructor, the proposed multi-channel recovery scheme also supports online reconfigurability which is required in flexible (multi-mode) systems where the user subband locations vary with time.
[2]- [5] . This is referred to as sub-Nyquist sampling of sparse signals which has the potential to dramatically reduce the power consumption. Typically, in uniform sampling, a signal that is bandlimited to is sampled at a rate of . In sub-Nyquist sampling, the average sampling rate is lower than but still large enough to capture the information content in the signal. There are essentially two paradigms within this area. The first covers multi-band (or multi-coset) sampling where the use of cyclic nonuniform sampling (CNUS) enables a reduction of the average sampling rate to (in principle) the Landau minimal sampling rate which is determined by the frequency occupancy [4] , [6] . The other paradigm is compressive sampling (or compressed sensing) [4] , [5] which in practice (so far) utilizes modulation with a (pseudo) random signal, integration, and low-rate uniform sampling. Both of these approaches have their own unique advantages and drawbacks and it is likely that both of them in the future will be employed but in different contexts depending on the application. In this paper, we are primarily interested in the CNUS approach.
For CNUS, the sub-Nyquist sampled signal is passed through a digital reconstructor to recover the uniformly spaced samples. Thus, assuming that the corresponding uniformly sampled signal satisfies the Nyquist sampling criterion, the sampling problem to be considered in this paper corresponds to the recovery of uniform-grid samples given a subset of those samples. Given samples in each block (period) of samples, , the problem is to recover the missing samples. For the CNUS approach, it is known that the reconstruction can be done, in principle, via a set of ideal multi-level synthesis filters, given the sampling pattern [7] [8] [9] . The related problem of selecting the optimal sampling patterns has also been addressed [9] [10] [11] . However, the straightforward CNUS recovery scheme has very high design and implementation complexities 1 . Also, in frequency-hopping communication systems where the active user band locations are different for different time frames, the reconstruction scheme should support online reconfigurability with low complexity. Further, it is noted that here, like in [7] [8] [9] , we only consider the recovery of the uniform-grid samples corresponding to the entire sparse multi-band signal. In order to extract the uniform-grid signal corresponding to the frequency band of each active user, regular filtering can be used at the output of the reconstructor. Also, we assume that the location of the active subbands are known and available beforehand as in [7] [8] [9] .
A. Contributions and Outline of the Paper
In this paper, we will introduce the efficient recovery scheme shown in Fig. 1 , which is derived by first expressing the reconstructor design problem in terms of multi-channel analysis and synthesis filter banks (FBs). In this scheme, the synthesis FB consists of regular bandpass filters which are implemented using a cosine-modulated FB. The analysis FB makes use of unconventional bandpass filters. The bandpass filters are unconventional in the sense that they contain only instead of polyphase components. These polyphase components are allpass filters with distinct fractional delays and phase shifts and can be implemented based on polynomial impulse response filters. Due to this, there is no need for online filter design when the locations of the active subbands are changed to new positions. This is unlike in [7] , which uses general multi-level synthesis filters that necessitate redesign for each new mode. Thus, the recovery scheme in [7] , shown in Fig. 2 , is costly and unattractive (or even unacceptable) in low-power applications like hand-held communication devices. In [8] , the design complexity of the multi-level synthesis filters is reduced by using a polyphase FB. However, as pointed out in [8] , other than for a few combinations of and , the design method in that paper offers no direct control on the magnitudes of the residual aliasing terms. It is also noted that there exist efficient reconstruction techniques for other types of nonuniformly sampled signals, like lowpass signals in time-interleaved analog-to-digital converters (TI-ADCs) [12] [13] [14] [15] , which belong to the class of undersampled multi-channel systems [16] , [17] , but those efficient recovery techniques are not applicable for the CNUS scheme considered here. Further, even though the reconstruction scheme in Fig. 2 can be obtained from generalized results like in [16] , [7] , these results cannot be straightforwardly used to derive the proposed scheme in Fig. 1 .
Parts of this work have been presented at a conference [18] where only the basic concept was outlined without giving any proofs. However, in order to get further insight and understanding of the efficient reconfigurable scheme, in Section IV we show that the reconstruction problem can be expressed in terms of the proposed analysis and synthesis FBs. Based on this, we introduce a reconfigurable reconstruction scheme in Section V. Using complexity expressions for the proposed reconstructor and the polyphase implementation of the straightforward Fig. 2 . Reconstruction using a set of multi-level synthesis filters [7] . scheme in [7] , we show that order-of-magnitude reduction of the complexity is achievable using the proposed reconstructor. Furthermore, in [18] , the filters in the analysis FB were designed using numerical optimization which can be time-consuming especially for higher filter orders and/or larger . In Section VI of this paper, we propose a least-squares approach for designing these filters so that their filter coefficients can be obtained via a closed-form solution. In addition to reducing the design effort, the closed-form solution enables us to redetermine the filter coefficients online, if required. Also, in Section VII, we use detailed design examples to show that the proposed method offers significant complexity savings, particularly for larger . In order to provide the necessary background for the above mentioned sections, in Section III we review the concept of sub-Nyquist CNUS of sparse multi-band signals. Immediately following this introduction, in Section II, we define the notations used in this paper as well as briefly review some of the signal processing concepts that will be used in later sections.
II. PRELIMINARIES

A. Notations
Bold lowercase letters are used to denote vectors while bold uppercase letters are used to denote matrices. Transpose and conjugate-transpose are represented using and , respectively. For a filter with impulse response coefficients , we use to denote its transfer function which is defined as . The frequency response of the filter is denoted by and is obtained from the transfer function by replacing with .
B. Polyphase Decomposition
Any filter can generally be expressed in terms of its polyphase components , , as [19] , [20] (1) Polyphase decomposition as in (1) along with the noble identities shown in Fig. 3 [20] , can be used to derive efficient structures for decimation and interpolation. For example, consider the decimator shown in Fig. 4 (a). Expressing in Fig. 4 (a) as in (1)1 and then propagating the downsampler to the left using the noble identity shown in Fig. 3(a) , we get the polyphase structure in Fig. 4(b) . It can be seen that, unlike in Fig. 4 (a), in the polyphase structure the filtering takes place at the lower rate. It is noted that the corresponding polyphase structure for the interpolator can be obtained by transposing the structure in Fig. 4 (b) and replacing each downsampler with an upsampler [20] .
C. Generalized Fractional-Delay Filter
A generalized fractional-delay (FD) filter has a phase shift in addition to the fractional delay [21] and its frequency response can be expressed as (2) with . Here, represents the fractional delay, is the additional phase shift, and denotes the sign of .
III. SUB-NYQUIST CYCLIC NONUNIFORM SAMPLING OF SPARSE MULTI-BAND SIGNALS
Assume that is a real-valued continuous-time signal that carries information within the frequency band , . Uniform sampling of at a sampling frequency of results in a discrete-time sequence . Below, for the sake of simplicity, we assume that . Now it is assumed that the band is divided into granularity bands of equal width . In sparse multi-band signals, at any given time frame, only of the granularity bands are allocated to users. In this paper, , , denote the active granularity bands. Fig. 5 shows the principle spectrum of a sparse multi-band signal when , , and with active granularity bands . A user can occupy one or several consecutive granularity bands. Further, to be able to design practical filters, we assume a certain amount of redundancy (oversampling) which corresponds to transition bands between user bands. In case of such sparse multi-band signals, uniform sampling will generate more samples than what is required to prevent information loss. The number of samples generated during the sampling process can be reduced by using CNUS which only uses a subset of the uniform samples , i.e., , with . It can be viewed as if the available input samples , , , are obtained from the uniform-grid samples as shown in Fig. 2 . A practical implementation of the CNUS is an -channel TI-ADC [22] where only a subset of the channels are used 2 . A reconstructor can then be used to recover the uniformly sampled sequence from , , for a given set of granularity bands, provided the sampling instants are selected properly [11] . A reconstruction scheme using multi-level synthesis filters , , as shown in Fig. 2 , was proposed in [7] . It was shown that perfect reconstruction, i.e., , can be achieved in principle using ideal multi-level synthesis filters . Perfect reconstruction (PR) is generally not feasible with realizable filters. However, in practice, it is sufficient to determine such that PR is approximated within a given tolerance. This can be carried out by designing straightforwardly, assuming no a priori relations between the filters. However, the reconstructor thus designed may become intolerably costly in real-time applications as the computational complexity of this approach is roughly multiplications per corrected output sample, where is the filter order of . Also, at a later time frame, if the location of the bands change, then all need redesign. The design complexity of is high as regular filter design with many unknowns is too computationally intensive and time consuming to be carried out online.
IV. PROPOSED RECONSTRUCTION USING ANALYSIS AND SYNTHESIS FBS
In this paper, to reduce the complexity, we describe the reconstruction in terms of both analysis and synthesis filters as shown in Fig. 6 . Expressing the reconstruction in terms of analysis and synthesis filters as shown in Fig. 6 enables efficient implementation of the overall reconstructor (to be considered in Section V). The complexity reduction is due to the fact that the synthesis filters can be efficiently realized using a cosine-modulated FB whereas a common set of fixed subfilters can be utilized to 2 Like in [7] , the proposed reconstructor can be extended to use noninteger values for . However, since practical implementations of CNUS schemes make use of TI-ADCs, we assume to be an integer as this appears to be the preferred choice. implement all the filters in the analysis FB as shown in the proposed reconstructor in Fig. 1 . It will be shown below that the synthesis filters are different conventional bandpass filters whereas each analysis filter is an unconventional bandpass filter with only non-zero polyphase components. Also, it will be shown that the filters and , , correspond to the active granularity band .
A. Unconventional Bandpass Filters
Fig. 7(a) shows the th branch of the analysis FB in the proposed reconstructor. Using polyphase decomposition defined in Section II-B, the filter can be expressed in terms of its polyphase components , , as
Recall from Section III that the available samples in , i.e., , , are obtained via sub-Nyquist CNUS as shown in Fig. 2 . Thus it can be seen that, due to the missing samples in , the inputs to polyphase branches of the bandpass filter in Fig. 7 (a) will be equal to zero. This implies that, for the CNUS scheme, (3) reduces to (4) where , , are the sampling instants and are the non-zero polyphase components of . Hence, the bandpass decimator in Fig. 7 (a) can be redrawn as shown in Fig. 7(b) . It is noted that conventional bandpass filters can be considered as a special case of the unconventional bandpass filter when all the samples in are available. We will now state the expression for the non-zero polyphase components in the following theorem.
Theorem 1: In the proposed reconstructor in Fig. 6 , the nonzero polyphase components , , , of the unconventional bandpass filter , , in (4) are generalized FD filters given by (5) with . Proof: In order to prove Theorem 1 we show that, with as in (5), the reconstructor in Fig. 2 [7] is equivalent to the proposed reconstructor in Fig. 6 . In the following derivation, we assume as in [7] that the reconstruction of a sub-Nyquist sampled signal with active bands is performed using ideal synthesis filters , . As can be seen from Fig. 8 , the frequency response of each synthesis filter , , has non-zero levels in the occupied granularity bands , , and is zero elsewhere. In the granularity band , the frequency response of the synthesis filter is given by (6) where , is a bandpass filter with passband at the granularity band so that elsewhere (7) and , are the modulus and angle, respectively, of the complex constant that correspond to the level of in the band . Considering the contributions from all the synthesis filters , , to the overall frequency response in the granularity band , the structure in Fig. 2 can be redrawn for the band as shown in Fig. 9(a) where (8) The term in (8) corresponds to in Fig. 2 . Using the noble identities [20] shown in Fig. 3 to propagate each in Fig. 9 (a) to the left through the upsample and downsample blocks, we get the simplified representation shown in Fig. 9(b) where (9) Now, the output of the reconstructor is obtained by adding the outputs from all the bands. That is, in Fig. 2 is given by (10) Thus, using the representation in Fig. 9 (b) for each of those granularity bands, we can see that the FB representation using ideal synthesis filters in Fig. 2 is equivalent to that of the proposed FB structure in Fig. 6 with the non-zero polyphase components of as in (5). From the above discussion it is noted that, in the proposed reconstructor, the analysis filter extracts the signal in the active granularity band . The filtering by is followed by downsampling by so as to have the extracted granularity band at the lower sampling rate . The low-rate signal is then placed at the original granularity band location at the higher rate via upsampling by followed by bandpass filtering via .
B. Determining and
Next, we will show that the constants and , , , for all the bandpass filters , , can be determined through a single matrix inversion. Proof: We divide the frequency range into adjacent regions of equal width as shown in Fig. 10(a) . Thus, region , , covers the frequencies in . The passband of the desired bandpass filter covers the band and thus also as shown in Fig. 10(b) . Further, comparing Figs. 10(a) and 10(b), we can see that if an active subband , , occupies the left (right) half of a region , it will also occupy the right (left) half of the region . Next, we make use of the fact that the non-zero polyphase components in (5) (14) and for (right part of region ), we obtain (15) It can be seen that (14) and (15) also correspond to the right and left half, respectively, of region . Thus, if , given as in (13), represent the region whose left half is occupied by the active subband , then the requirement on in is equal to the requirement in the right half of the region . Consequently, for the bandpass filter it suffices to solve a system of equations corresponding to the left half of the regions , . More precisely, the right hand side of (14) should equal unity in the region and zero in the regions , , . Thus, using
in (14), we obtain the system of equations (16) where (17) The vector corresponding to the bandpass filter can then be determined using (11) .
Theorem 2 shows that the vectors corresponding to all the bandpass filters , , can be determined by inverting a single matrix. Also, consistent with the results in [7] , it can be seen from (12) that there is always at least one set of sampling instants that corresponds to an invertible matrix, namely , since for these sampling points the generalized Vandermonde matrix reduces to a Vandermonde matrix. However, these sampling instants may not guarantee that the matrix is well conditioned. In order to ensure that is well conditioned, optimal sampling instants can be selected depending on the active subband locations as outlined in [9] , [11] .
V. PROPOSED EFFICIENT RECONSTRUCTOR
Using the reconstruction scheme described in Section IV, we will now derive the proposed efficient reconfigurable reconstructor shown in Fig. 1 .
A. Synthesis and Analysis FBs
In order to implement the cosine-modulated synthesis FB, a lowpass filter with cutoff frequency at is used as the prototype filter [20] . The coefficients of the synthesis filters can be expressed in terms of the impulse response of the prototype filter as [20] (18) 3 In (14), we used since real filters are assumed. For real filters, in the passband (stopband) region implies as well.
The overall complexity of the synthesis FB correspond to that of the prototype filter plus the cost of a real or complex transform block. By using a fast-transform algorithm, the cost of such a transform block can be made small when compared to the cost of the filters. In the analysis FB, since the polyphase components of each are as given in (5), all the analysis filters can be expressed with a common set of fixed subfilters, and , . The different analysis filters are then obtained via different pairs of values of and such that (19) where (20) It is noted that the additional phase of in is required to ensure proper matching between adjacent analysis and synthesis filters in the case of overlapping granularity bands and when cosine-modulated synthesis FB is used. This is similar to the additional constants used for matching in conventional cosine-modulated FBs [20] . However, the additional constant used in is instead of which is used in conventional cosine-modulated FBs. This is because, in the proposed reconstructor, the additional phase constants are applied on the polyphase components of the analysis filter. In conventional cosine-modulated FBs, the additional phase constants are applied on the overall analysis and synthesis filters as in (18) .
B. Computational Complexity
In this paper we consider computational complexity as the number of real multiplications required per corrected output sample (see Footnote 1). Based on the discussions above, and polyphase realizations in which all the filtering takes place at the downsampled rate, the computational complexity of the proposed reconstructor in Fig. 1 can be approximated as (21) In (21), is the order of the prototype filter for the synthesis FB and is the order of the fixed subfilters and . The first two terms in the expression for in (21) , correspond to the computational complexity of the cosine-modulated synthesis FB assuming that the transform block is implemented using a fast-transform algorithm [23] . The third term is the computational complexity of the subfilters and whereas the fourth term corresponds to the complexity of the multipliers whose coefficients are the scaled and terms in (19) . Typically, is about an order of magnitude larger than as explained below. An approximate estimate of the order of the prototype filter, , is given by [24] 
where , , , and denote the passband ripple, stopband ripple, passband edge, and stopband edge, respectively, of the prototype filter. Assuming that is the percentage occupancy of a granularity band, for a prototype filter with transition band Fig. 11 . Illustration of the estimated complexity savings of the proposed scheme compared to the polyphase implementation of the straightforward scheme [7] (Complexity savings= ).
centered at , where . For example, if varies between 20-60%, for a prototype filter with passband and stopband ripple of 60 dB, will be between 9 M-17 M. Also, the order of the subfilters and is . The complexity of the polyphase implementation of the straightforward scheme in Fig. 2 can be estimated as (23) As exemplified in Fig. 11 , which plots the ratio for and , order-of-magnitude savings are feasible, via proper choices of and (also see Example 1 in Section VII for a specific example).
C. Reconfiguration Complexity
In the proposed reconstructor, the real-time reconfiguration is simple and fast as it suffices to determine the multiplier values and using (11) . Thus, during reconfiguration, only the coefficients of the multipliers corresponding to the scaled and terms in (19) need to be updated. As explained in Section VI below, the subfilters and , as well as the prototype filter for the cosine-modulated synthesis FB, are designed once offline and are fixed in the implementation. Due to this, all the multipliers in the cosine-modulated FB as well as in the fixed subfilters can be implemented using fixed-coefficient multipliers. This helps to reduce the overall implementation complexity since, compared to variable-coefficient multipliers, efficient techniques can be used to implement the fixed-coefficient multipliers [25] , [26] . Moreover, using a common set of fixed subfilters to implement all the analysis filters , , results in fewer design variables which helps to reduce the design complexity of the analysis FB.
VI. DESIGN OF THE PROPOSED RECONSTRUCTOR
In this section, we introduce a procedure to design the proposed reconstructor. Here, we assume that the sampling instants , , are selected such that for the given active subbands , , in (11) is an invertible matrix. Using the analysis and the synthesis FB representation in Fig. 6 for the proposed reconstruction scheme, the Fourier transform of the reconstructed output can be written as (24) where is the distortion function and , , are the aliasing functions with (25) for . As can be seen from (24) and (25), the analysis and synthesis filters should be designed such that the distortion and aliasing functions approximate unity and zero, respectively, in the active subband locations. The overall design complexity becomes very high if the subfilters and in (19) and the prototype filter for the cosine-modulated synthesis FB are designed together. Therefore, to reduce the overall design complexity, we propose the following design procedure. First, the prototype filter is designed and fixed. Next, the coefficients of the subfilters and are determined such that the distortion and aliasing terms are kept below a certain desired level. Due to the large number of constraints that need to be satisfied during the optimization, we use a least-squares approach so that the subfilter coefficients can be obtained via a closed-form solution. Compared to numerical optimization, such a closed-form solution significantly reduces the design time. Also, during reconfiguration, if a new set of sampling instants are selected, the closed-form solution makes it feasible to redetermine the coefficients online.
A. Prototype Filter Design
The prototype filter is a power-symmetric lowpass filter with a passband edge at and a stopband edge at with related to the percentage occupancy of the subband as . Due to the powersymmetry constraints as in (26) below, it is not possible to use a least-squares approach for the design of . However, unlike the design of the subfilters and , the prototype filter can be designed using numerical optimization techniques as the optimization has fewer constraints. Also, the coefficients of are determined offline and only once, since the same can be used even if the sampling instants change. In the subsequent design examples section, we use the MATLAB minimax optimization function for the design of . Using minimax design, the coefficients of are determined such that the prototype filter approximates the passband and the stopband responses with unity and zero, respectively, as well as the power-symmetry property in the transition band with tolerances , , and according to 4 (26) The coefficients of can therefore be obtained by solving the minimax optimization problem:
Given the order of the prototype filter , determine the coefficients of the prototype filter and a parameter , to minimize subject to (27) The filter designed by solving the above optimization problem satisfies (26) if, after the optimization, . A good initial solution for the optimization problem can be obtained using, for example, the methods in [27] , [28] . Our experiments indicate that should be 6-8 dB lower than the specified amplitude of the residual aliasing terms after reconstruction.
B. Least-Squares Design of and
After determining the coefficients of the lowpass prototype filter for the synthesis FB, we use a least-squares approach to determine the coefficients of the fixed subfilters and . The coefficients are determined such that they minimize an error power function defined as (28) where (29) and (30) with , , , representing the active subband locations and , , represent the -shifted versions of the active subbands that fall into the band . Let
where and , , are the impulse response vectors of and , respectively. In order to simplify the derivations, we assume that the order of the subfilters, , is even such that where (35) is the order of the lowpass prototype filter for the synthesis FB and assumed to be even, the matrix is as shown in (36) 
In (36),
for , and is a row-vector of length obtained by replacing in (35) with . In (37), , , , are the impulse response coefficients of the synthesis filters . Using (34), we can rewrite (29) and (30) as (40) and (41) respectively, with
, and
. . .
The analysis filter coefficients , which minimize the error power function in (28), can be determined by solving which gives (44)
C. Design of Reconfigurable Reconstructors
In a reconfigurable reconstructor, first, the prototype filter for the cosine-modulated synthesis FB, is designed as outlined in Section VI-A. Further, the subfilters and in the analysis FB are designed and fixed based on the sampling instants. In applications where all the possible combinations ( modes) of the active subbands use the same set of sampling instants, during reconfiguration, it suffices to redetermine the complex constants in (11) . Following a least-squares approach similar to the one outlined in Section VI-B, the coefficients of the subfilters and for the reconfigurable reconstructor are then determined using (48) and (49) The values for the constants and depend on the location of the active subbands in the th combination and are determined using matrix inversion as explained in Section IV-B.
D. Design Complexity
Splitting the reconstructor design into two parts, as discussed above, makes it feasible to design and implement a reconfigurable reconstructor, especially for larger . This is exemplified using a design example in Section VII. During reconfiguration, the proposed reconstructor can be reconfigured online by inverting a single matrix if all modes use the same set of sampling instants. If each mode uses a different set of sampling instants, during reconfiguration, the reconfiguration requires only one additional matrix inversion. In contrast, for the straightforward scheme [7] , the reconfiguration involves inverting several matrices where is the order of each multi-level synthesis filter in Fig. 2 . Typically, as can be seen from the examples in Section VII.
VII. DESIGN EXAMPLES
Example 1:
In this example, we assume that there are three active users with two possible combinations of active band locations. It is assumed that at any given time frame, the active frequency bands can be either or . Further, it is assumed that the reconstructor should be designed such that aliasing terms are kept below 60 dB.
For a given combination of active band locations, the number of channels, , required to implement the CNUS scheme will depend on the total number of granularity bands . In this example, the number of granularity bands is chosen so as to get the least implementation complexity for the reconstructor. In order to have practical filters, a transition band is included in each active granularity band and, depending on , the percentage occupancy (see Section VI-A) of a granularity band is assumed to be within 20-60%. As shown in Fig. 12 , for the two possible combinations of active band locations assumed in this example, the least computational complexity is obtained with . When the total bandwidth is divided into granularity bands, with the information containing frequency bands assumed in this example, only granularity bands are active at any given time frame. Thus, at any given time frame, the users can be allocated either the granularity bands {6-9,14,15,22,23} or the bands {6,7,14,15,22-25}. For the above two possible combination of band locations (two modes), we used the sub-Nyquist sampling points, ,3, 5, 14, 16, 19, 21, 30, which ensures that in (11) is an invertible matrix. The sampling instants were determined using the method in [29] . Based on the occupied frequencies and the active bands, the percentage band occupancy of the lowpass prototype filter is fixed at 20%. The prototype filter is designed to be a power-symmetric lowpass filter of order 386 with and . It is found that, for the 16 subfilters, and , a filter order is sufficient to keep the aliasing terms below 60 dB. 5 In order to determine the coefficients of the multi-level synthesis filters in the straightforward scheme in [7] , we used the time-varying reconstructor design method in [30] but with some of the impulse response coefficients set to zero due to the CNUS scheme. It is found that the straightforward scheme would require a reconstructor with eight synthesis filters of order . Table I tabulates the reconstructor complexity when the specification in this example is implemented using the straightforward and the proposed reconstructor. As can be seen from Table I , the proposed reconstructor offers significant reduction in complexity due to the efficient realization in Fig. 1 . It can be seen that during reconfiguration from one mode to the other, the proposed reconstructor requires significantly fewer multipliers to be updated online. The coefficients of these multipliers can be either determined offline and stored in a memory or determined online using a single matrix inversion. In contrast, the straightforward scheme would require a larger memory or eight 319 319 online matrix inversions. Fig. 13 shows all the distortion and aliasing terms of the reconstructor for the two possible combinations of user band loca- 5 and represent the number of multiplications per corrected output sample and the number of multipliers to be updated during reconfiguration, respectively. The reconfiguration complexity is the number of online matrix inversions. For the straightforward reconstructor, since we assume a polyphase implementation, is computed as in (23). tions. It can be seen that, in the required bands, the aliasing terms are not greater than 60 dB which validates the reconfigurability between the two different combinations of user band locations. The reconfigurability of the reconstructor is illustrated in Figs. 14 and 15 by configuring it for one set of active band locations and using it to reconstruct a sub-Nyquist sampled multitone input with tones in the active band region. The spectrum without reconstruction in Figs. 14 and 15 corresponds to the spectrum of the sub-Nyquist sampled signal with zeros inserted into the time instants where the samples are missing. Example 2: This example illustrates that, for larger , the proposed method provides even more significant savings in the design and implementation complexity of the reconstructor compared to the straightforward method that uses only synthesis FBs. This is in line with the complexity comparison in Section V-B. Here, we consider an example where the information containing frequency bands are and the reconstructor should be designed to keep the aliasing terms below 40 dB. For the above frequency bands, the [29] . For the synthesis FB, a power-symmetric lowpass prototype filter of order 1162 is required to keep the aliasing terms below 40 dB at the output of the proposed reconstructor. The order of each of the 36 subfilters and in the analysis FB turned out to be 10. On the other hand, the straightforward reconstructor would require 18 synthesis filters where each filter has an order of around 1162. Table II compares the complexity of the two reconstructors for the specification in this example. It can be seen that, for the given specification, the proposed reconstructor has around 70% lower computational complexity compared to the polyphase implementation of the straightforward reconstructor. Moreover, in the straightforward reconstructor, designing a synthesis FB with 20934 coefficients is quite hard if not impossible. Further, the proposed reconstructor can be reconfigured online through a single 18 18 matrix inversion. Online reconfiguration, however, is not feasible for the straightforward reconstructor due to the extremely large sizes of the matrices that need to be inverted. Fig. 16 shows all the distortion and aliasing terms at the output of the proposed reconstructor designed to meet the requirements in this example.
VIII. CONCLUSION
In this paper, we proposed a reconfigurable reduced-complexity reconstructor for sub-Nyquist sampled sparse multi-band signals. The reconstructor was derived by expressing the reconstruction problem in terms of both analysis and synthesis FBs. We showed that the nonzero polyphase components of the bandpass filters in the analysis FB are generalized FD filters. Due to this, the analysis filters can be expressed in terms of a common set of fixed subfilters and a set of multipliers, thereby reducing the complexity. Moreover, since the filters in the synthesis FB are regular bandpass filters, further reduction in complexity was achieved by implementing these filters using a cosine-modulated FB. We also showed that, compared to the straightforward reconstructor, the proposed reconstructor makes it feasible to achieve order-of-magnitude reduction in the computational complexity. In addition, the proposed reconstructor provides significant reduction in the complexity of the online reconfiguration block as only the coefficients of the set of multipliers in the analysis FB have to be redetermined.
